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Bounding quantum contextuality with lack of third-order interference
Joe Henson
Recently many simple principles have been proposed that can explain quantum limitations on
possible sets of experimental probabilities in nonlocality and contextuality experiments. However,
few implications between these principles are known. Here it is shown that lack of irreducible third-
order interference (a generalisation of the idea that no probabilistic interference remains unaccounted
for once we have taken into account interference between pairs of slits in a n-sit experiment) implies
the principle known as the E principle or Consistent Exclusivity (that, if each pair of a set of
experimental outcomes are exclusive alternatives in some measurement, then their probabilities are
consistent with the existence of a further measurement in which they are all exclusive). This is a step
towards a more unified understanding of quantum nonlocality and contextuality, which promises to
allow derivations of important results from minimal, easily grasped assumptions. As one example,
this result implies that lack of third order interference bounds violation of the CHSH-Bell inequality
to 2.883.
It is of great interest to formulate simple principles
obeyed by quantum mechanics (QM) from which other-
wise mysterious or difficult results can be derived. Such
principles can clarify the options when we consider what
properties of quantum mechanics are most likely to per-
sist in more developed physical theories. This question
has relevance for quantum gravity, where many have con-
sidered going beyond standard quantum mechanics in the
light of such issues as black hole evaporation and the
problems of time (see e.g. [1–3]). This has led to a con-
vergence of interests from the study of quantum informa-
tion and quantum gravity, in which both sides stand to
gain new understanding.
In Bell-type nonlocality experiments, QM allows only
a specific set of experimental probabilities [4–6], and
it is interesting to look for an explanation of this in
terms of simple principles [7]. The same question can
be asked for broader classes of “contextuality scenarios”.
As such principles proliferate in the literature [8–14],
it becomes increasingly important to search for logical
relations between them [15]. The principle of Consis-
tent Exclusivity (CE) and the closely-related E-principle
(called local orthogonality when applied to nonlocality,
and also strongly related to orthomodularity and ortho-
coherence in earlier literature [16]) is of particular interest
[13, 14, 17]. It is a trivial observation that, given a set
of alternative outcomes for a given experiment, the sum
of their probabilities is less than one. CE requires that
the probabilities of a set of experimental outcomes should
also sum to less than one if each pair of outcomes in the
set is exclusive in some experiment, which is a stronger
requirement when some outcomes in different measure-
ments are considered to be physically identified (see be-
low). Similarly, it is a defining feature of QM that, in a
multiple slit experiment, the probability of the particle
reaching a particular region on the screen when two slits
are opened may not be the same as the sum of the prob-
abilities when each one of those slits is open. However,
in situations where such interference between pairs of al-
ternatives is ruled out, there is no further interference
in QM. Coming from the quantum gravity perspective,
Sorkin has argued that a general form of this “lack of
(irreducible) third-order interference” should be consid-
ered the most fundamental property of QM [18]. This
principle has recently been directly tested in three-slit
experiments [19], and has been applied in the context of
generalised probabilistic theories as one of a number of
postulates from which quantum mechanics can be recon-
structed [20, 21], and, in a different framework, to imply
some of the same restrictions as has CE [22, 23] [24].
Here it is shown that, in a relatively simple framework
for contextuality in the spirit of Sorkin’s original idea,
lack of third order interference implies CE. Results on a
strengthening of this condition are to be found in [9, 25];
here the weakest form of the principle is investigated in
a more general setting.
Consider a hypothetical experiment in which different
measurements can be chosen, which may be incompatible
in the sense that carrying out one may affect the statistics
of others. We will allow the identification of particular
outcomes of different measurements (a concrete exam-
ple being the identification of outcomes in QM experi-
ments when they correspond to the same Hilbert space
subspace). Now consider a “sample space” Ξ, and let
us identify every measurement with a partition M of Ξ,
and every “fine-grained” outcome of that measurement
with a set A ∈ M . In this way an element of Ξ specifies
an outcome for every experiment. The set of all mea-
surements will be called M. The term coarse-grained
outcomes for a measurement M will refer to subsets of
M (including the empty set). For each M ∈ M the set
of all coarse-grained outcomes form a Boolean algebra
AM . The set of all coarse-grained outcomes across all
measurements will be denoted C := ⋃M∈M AM . Note
that, as desired, the same outcome may appear in two
different measurements. The space Ξ together with the
set M of all measurements specifies a partition scenario
S = {Ξ,M}. We say that outcomes A and B are exclu-
sive if they are disjoint and there exists a measurement
M ∈ M such that A,B ∈M .
2To understand this, consider the following “marginal
scenarios” [26]. They involve a set of “boxes” with la-
bels in X = {1, .., n}. When a box is opened it can be
found to be empty or full, denoted by the outcome bit
a ∈ {0, 1}. Only certain subsets of the boxes J ⊂ 2X
can be jointly opened. A measurement picks out a sub-
set j ∈ J of the boxes to open and an outcome of that
measurement corresponds to the assignment of a bit to
each of those boxes, s ∈ 2j. To represent this as a par-
tition scenario, we take the sample space to be all n-bit
strings, Ξ = 2X , so that each string specifies an outcome
for every box. The outcome As ⊂ Ξ comprises all of
these strings that agree with the outcomes for the boxes
actually measured, j: formally, As = {γ ∈ 2X : γ|j = s}
where γ|j is the restriction of the function γ over X to
j. The measurement corresponding to subset j ⊂ X is
represented by the partitionMj = {As}s∈2j . Other mea-
surements, in which later choices of box are functions of
earlier outcomes, can also be included [27]. If the mea-
surable subsets j are such that exactly one of each subset
in a partition of the boxes can be opened, then we have
a “Bell scenario” (two pairs of boxes, such that only one
box in each pair can be opened, is the CHSH scenario).
Another well-known example consists of n boxes such
that only pairs labelled {i, i+ 1} for all i and {n, 1} can
be jointly measured. “Specker’s parable” concerns the
n = 3 case [28], while for n = 5 there is a set of outcomes
{Ai} with i = 1...5 such that {Ai, Ai+1} for i = 1...4
and {A5, A1} are the only exclusive pairs, known as a
“Wright pentagon” [29].
Given a partition scenario, a probability function P (·)
represents a set of experimental results. Its domain is
the set of all outcomes C, but the function P is only re-
quired to be a probability measure when restricted to the
outcomes AM for a given measurementM ; thus the only
restriction on experimental probabilities is that identified
outcomes have the same probability (“consistency”) [30].
Turning to restrictions on the experimental probabili-
ties, non-contextuality requires that there exists a joint
probability distribution PJ on Ξ such that PJ (A) =
P (A) ∀A ∈ C. That is, the experimental probabilities
can be derived from a probability distribution over the
whole sample space. It is well-known that this principle
is incompatible with QM. Consistent Exclusivity (CE)
[13, 14] can be seen as a weakening of this condition. A
probability function P on a scenario S obeys CE if, for
all sets S of fine-grained outcomes such that A and B are
exclusive for all pairs {A,B} ⊂ S,
∑
A∈S
P (A) ≤ 1. (1)
This definition follows 7.1.1 of [17], by which CE accords
with the E principle, “the sum of the probabilities of any
set of pairwise mutually exclusive events cannot be higher
than 1” [31].
Non-contextuality can instead be weakened by replac-
ing the joint probability measure with a generalised mea-
sure that, while agreeing with the experimental probabil-
ities, allows interference, meaning violation of the Kol-
mogorov sum rule. This interference is not unrestricted
in QM, however – otherwise any probability function
would be allowed. A joint quantum measure is a function
µ : 2Ξ → R≥0 such that
µ(A) = P (A) ∀A ∈ C, (2)
and such that for any three disjoint sets A ⊂ Ξ, B ⊂ Ξ
and C ⊂ Ξ,
µ(A) + µ(B) + µ(C)
−µ(A ∪B)− µ(B ∪ C)− µ(C ∪ A)
+µ(A ∪B ∪ C) = 0. (3)
Equation (2) ensures that the quantum measure µ re-
duces to the experimental probabilities P when restricted
to measurement outcomes. This implies that µ obeys the
Kolmogorov rule when restricted to the outcomes of one
experiment: we have P (A) + P (B) = P (A ∪ B) for ex-
clusive outcomes, which, substituting all three terms by
eqn. (2), gives µ(A) + µ(B) = µ(A ∪B). Equation (3) is
known as the Sorkin sum rule (or “quantum sum rule”).
It is not hard to check that both CE and the existence of a
joint quantum measure are implied if there is a standard
quantum model for the probability function [17, 25].
Given this definition, it might not be obvious why lack
of third order interference is being used as a synonym for
the existence of a joint quantum measure. The following
lemma clarifies this.
Lemma 1. Consider a probability function P on a sce-
nario S that admits a joint quantum measure, and con-
sider a partition Q of a set X ⊂ Ξ. If µ(A) + µ(B) =
µ(A ∪B) for all A,B ∈ Q then
µ(X) =
∑
A∈Q
µ(A). (4)
Proof. For |Q| = 2 the statement is trivially true. As-
sume that the lemma holds in all cases with |Q| ≤ n for
some n ≥ 2, and consider a partition Q of a set X for
which |Q| = n+1, obeying the condition µ(A) +µ(B) =
µ(A ∪ B) for all A,B ∈ Q. Let A,B ∈ Q be two events
in the partition and let Y = X\(A ∪ B). Applying the
Sorkin sum rule (3) to {Y,A,B} yields
µ(Y ) + µ(A) + µ(B)− µ(Y ∪ A)−
µ(A ∪B)− µ(Y ∪B) + µ(X) = 0. (5)
The inductive hypothesis implies that µ(Y ∪B) = µ(Y )+
µ(B), and by assumption µ(A ∪B)− µ(A) = µ(B), and
so this implies
µ(X) = µ(Y ∪ A) + µ(B) =
∑
C∈Q
µ(C), (6)
3where the inductive hypothesis has been applied to the
set Y ∪ A in the last step.
To sum this lemma up in a slogan, the existence of
a joint quantum measure implies that “pairwise non-
interference implies joint non-interference,” where joint
non-interference refers to eqn. (4). This is highly sugges-
tive of a connection to CE. As explained under eqn. (3),
if a pair of events is exclusive then it is non-interfering,
and hence, given the existence of a joint quantum mea-
sure, pairwise exclusivity implies joint non-interference.
However, this does not suffice to show that the existence
of a joint quantum measure implies CE; the quantum
measure is not in general bounded above, and so some
work remains to be done to derive eqn.(1).
Theorem 2. Consider a probability function P on a sce-
nario S. If P admits a joint quantum measure then it
obeys Consistent Exclusivity.
Proof. Assume that the probability function P admits a
joint quantum measure, and consider a set of fine-grained
outcomes S ⊂ C such that A and B are exclusive for all
pairs {A,B} ⊂ S. Let us define the sets X= ⋃A∈S A
and R = Ξ\X , and also the set Q = S ∪ {R}, which is
a partition of Ξ. Furthermore, using (2), we have that
µ(A)+µ(B) = µ(A∪B) for all A,B ∈ S. Now, for some
B ∈ S, let us apply the Sorkin sum rule (3) to the sets
Y = X\B, B and R. We obtain
µ(Y ) + µ(B) + µ(R)−
µ(Y ∪B)− µ(Y ∪R)− µ(B ∪R) + µ(Ξ) = 0. (7)
Applying lemma 1 gives µ(Y )+µ(B) = µ(Y ∪B), and we
have µ(Y ∪ R) + µ(B) = µ(Ξ) from (2) because B (and
thus its complement Y ∪ R) is a measurement outcome,
giving the result
µ(B) + µ(R) = µ(B ∪R). (8)
Because this applies for all B ∈ S we have µ(A)+µ(B) =
µ(A ∪ B) for all A,B ∈ Q. From this, lemma 1 gives∑
A∈Q µ(A) = µ(Ξ) = 1. Subtracting µ(R), and re-
membering that the quantum measure is non-negative,
we have that
∑
A∈S µ(A) ≤ 1. Using (2), this establishes
that CE holds for the probability function P , proving the
theorem.
This allows a number of interesting results to be im-
ported into quantum measure theory from the study of
local orthogonality and CE, of which the following are in-
structive and representative but certainly not exhaustive
(see [17, 32–34] for more).
Corollary 3. The following are properties of all proba-
bility functions on partition scenarios that admit a joint
quantum measure:
(i) They imply the quantum bound,
√
5, on the maxi-
mum violation of the KCBS inequality for two in-
dependent copies of the Wright pentagon scenario;
(ii) for the CHSH scenario, the existence of two in-
dependent copies of this probability function with
maximum violation of the CHSH inequality of more
than 2.883 is banned;
(iii) they allow no advantage over classical (non-
contextual) probability functions for the Guess Your
Neighbour’s Input Game.
Proof. As noted above, the Wright pentagon can be con-
structed in a partition scenario. Thus (i) can be proved
by combining theorem 2 with the arguments in [14]. Bell
scenarios and copies thereof are also partition scenarios
[25], and so (ii) and (iii) can be proved by combining the-
orem 2 with the argument in section 4.3 of [34], and the
first proof in the Methods section of [13], respectively.
By construing the principle more broadly (by assuming
that certain contextuality scenarios are realisable, or that
quantum probability functions must be in the physical
set) CE can be made to imply both Tsirelson’s bound for
CHSH [31] and the quantum bound for all contextuality
scenarios [33] [35].
As noted above, other definitions of “lack of third order
interference” have been made. Finding out whether these
versions of the principle are equivalent to the one given
here is important for the goal of simplifying and clarify-
ing the list of candidate principles. Also, if the definition
given above implies any of the others, then the results
given above can be extended to these other formalisms.
This not ruled out for [20]: while CE is shown to follow
from two other assumptions unrelated to third order in-
terference in this formalism, this does not mean that lack
of third order interference alone fails to imply CE. It will
require more work to see if the definition of lack of third
order interference given here is equivalent to that of [20],
as the formalisms are quite different, and it is non-trivial
to embed one formalism in the other. It is possible that
the definitions are only equivalent under some assump-
tions. Similarly, it is not obvious that the definition of
third order interference given in [20] implies consistent
exclusivity by a similar argument to that given above;
indeed this implication may be false in general. [36]
Many other interesting issues remain open. Firstly,
it would be of great significance if the converse of the
above theorem is also true. However, the construction of
a quantum measure from a probability function obeying
CE, even if possible, is not a straightforward task. Sec-
ondly, the stronger forms of joint quantum measure con-
sidered in [25] have been justified by appealing to com-
posability, and so it would be instructive to know if they
can be derived from the above principle by adding some
simple assumptions. Similarly, it has been asked whether
4local orthogonality can be strengthened by the addition
of further strongly-motivated conditions. In the light of
the results above, work on either one of these questions
can now inform the other. Hopefully, answering some
of these questions will help to clarify what needs to be
added to these principles in order to totally characterise
quantum non-locality and contextuality.
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